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Abstract
Computation of the electron attachment energies (electron affinities) was imple-
mented in connection with an ensemble density functional theory (eDFT) method, the
state-interaction state-averaged spin-restricted ensemble-referenced Kohn-Sham (SI-
SA-REKS or SSR) method. With the use of the extended Koopmans’ theorem the elec-
tron affinities and the respective Dyson orbitals are obtained directly for the neutral
molecule; thus avoiding the necessity to compute the ionized system. Together with
the EKT-SSR method for ionization potentials, which was developed earlier, EKT-SSR
for electron affinities completes the implementation of the EKT-SSR formalism, which
can now be used for obtaining electron detachment as well as the electron attachment
energies of molecules in the ground and excited electronic states. The extended EKT-
SSR method was tested in the calculation of several closed-shell molecules. For the
molecules in the ground states, the EKT-SSR energies of Dyson’s orbitals are virtually
identical to the energies of the unoccupied orbitals in the usual single-reference spin-
restricted Kohn-Sham calculations. For the molecules in the excited states, EKT-SSR
predicts increase of the most positive electron affinity by approximately the amount
of the vertical excitation energy. The electron affinities of a number of diradicals were
calculated with EKT-SSR and compared with the available experimental data. With
the use of a standard density functional (BH&HLYP) the EKT-SSR electron affinities
deviate on average by ca. 0.2 eV from the experimental data. It is expected that the
agreement with the experiment can be improved by designing density functionals
parameterized for ionization energies.
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Introduction
Knowledge of the molecular ionization energies, more precisely, the electron detachment
(ionization potential, IP) and the electron attachment (electron affinity, EA) energies, is
often required to model theoretically various experimental observations. For example,
the molecular IPs determine the photoelectron1,2 and the time-resolved photoelectron3–6
spectra (PES and TRPES, respectively). The molecular EAs define the negative ion PES
(NIPES),7 where, as a rule, a parent anion is ionized to obtain information on the molec-
ular EAs. A down-to-earth example of usage of IPs and EAs is modeling of organic solar
cells,8,9 where the difference between the IP of the electron donor and the EA of the ac-
ceptor defines the voltage characteristics of the cell.9
Perhaps, the most popular approach to computing the molecular ionization energies
is colloquially known as ∆E,10 where the ionization energy is computed as a difference
between the total energies of the ionized and the neutral molecules. The ∆E method
can be used in connection with both the uncorrelated computational methods (e.g., the
Hartree-Fock, or HF, method) as well as the correlated methods, such as the coupled
cluster CCSD(T) method.11 However, ∆E is an indirect method of obtaining IPs and EAs
and it requires additional set(s) of calculations. Furthermore, it is difficult to guarantee
that the energies of the neutral molecule and of the ion (anion or cation) are obtained at
the same level of approximation; as the spin-multiplicities of the molecule and the ion are
different.
The most commonly used direct method of obtaining the ionization energies is based
on the Koopmans’ theorem,12 where they are approximated by the diagonal elements of
the Lagrangian in the basis of the canonical molecular orbitals (MOs). This approach can
be used in connection with the self-consistent field (SCF) methods, for which the canon-
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ical orbitals are well defined, e.g., the HF method and the Kohn-Sham (KS) method13 of
density functional theory (DFT).14 Some electron correlation and orbital relaxation effects
are introduced into the ionization energies by the electron propagator methods15–18 and
by the GW approximation to the Green’s function formalism.19–21 A more complete ac-
count of the electron correlation and orbital relaxation effects is achieved with the use of
the equations of motion coupled cluster (EOM-CC) formalism for electron detachment
and attachment.22–24 These methodologies can be used for obtaining the electron attach-
ment and the electron detachment energies of molecules in their ground electronic states.
For the excited states of molecules, a few ∆E-type methods were proposed in the past for
obtaining the ionization energies.25,26
Recently, a new method of computing the molecular IPs was proposed by us,27 where
the IPs of the ground and excited electronic states are calculated using the extended Koop-
mans’ theorem (EKT)28,29 in connection with an ensemble DFT (eDFT) method. The
spin-restricted ensemble-referenced KS (REKS) method and its excited state extensions
the state-averaged REKS (SA-REKS) and the state-interaction SA-REKS (SI-SA-REKS, or
SSR)30–37 enable fast and accurate computation of the ground and excited state potential
energy surfaces (PESs) and conical intersections between them.38,39 As EKT employs the
orbital Lagrangian and the relaxed density matrix,40 the quantities occurring in the SSR
analytical energy gradient,27,41 the EKT-SSR method can obtain the molecular IPs during
the non-adiabatic molecular dynamics (NAMD) simulations; which enables on-the-fly
modeling of the TRPES spectra without computational overhead.42
Besides IPs, EKT can yield the electron attachment energies (EAs).40 However, this
capability was not often used in the past and the only work where EKT was used for
obtaining EAs of neutral molecule is an unprinted work of Welden et al.,43 where EKT
4
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was employed in connection with the Green function formalism. An indirect EKT-based
method of obtaining EAs as IPs of an anion was explored by Bozkaya.44 However, to en-
able fast computation of EAs (as well as IPs), for example, during the NAMD simulations,
one needs a method that would obtain these properties directly for the neutral molecule.
Therefore, in this work we undertake extension of the previously derived and im-
plemented EKT-SSR formalism to computation of the molecular electron attachment en-
ergies. As the SSR method has a capability to describe strongly correlated molecular
systems, such as diradicals30,31 or molecular excited states,32–34 the extended EKT-SSR
method should enable computation of EAs for molecular species, which were not avail-
able with the use of the single-reference methods. For example, computation of the EAs
of diradicals needed for the interpretation of the NIPE spectra is typically carried out by
the ∆E approach employing the CASSCF or CASPT2 methods; thus confining these com-
putations to relatively small diradicals.45 As the SSR method has a modest mean-field
computational cost, the extended EKT-SSR method should enable obtaining EAs of large
diradicals; as well as large electron acceptors relevant for photovoltaic applications.
In the following, we shall describe the background and the setup of the EKT-SSR
method for the electron attachment states and then test the method in the calculation
of electron affinities of several molecules in their ground and excited electronic states.
The molecules selected for benchmarking cover a wide range of electron affinities, from
negative to positive. The electron affinities of several well known diradicals will be also
calculated and compared with the experimental values measured by NIPES of the parent
anions.
5
Page 5 of 35
ACS Paragon Plus Environment
The Journal of Physical Chemistry
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
Methodology
The EKT-SSR method was recently introduced27 for the calculation of the ionization po-
tential of molecules in the ground and excited electronic states. Here, its salient features
will be briefly reviewed and its extension to the calculation of the electron attachment
states, i.e., the electron affinities and the respective Dyson orbitals, will be presented. To
remind, the Dyson orbital is defined as an overlap between the wavefunctions of the neu-
tral molecule and of the respective ion;46,47 an anion, in the case of electron attachment.
The square norm of the Dyson orbital gives an approximation to the probability of ion-
ization (electron attachment).48
The REKS method and its extensions in the form of the SA-REKS and the SSR methods,
see Refs. 33 and 34 and references cited therein, employ eDFT49–58 to introduce multi-
reference effects into the density functional calculation of the ground and excited elec-
tronic states. The ensemble description is introduced through mixtures of the electronic
configurations dominant in specific situations, e.g., during bond dissociation and/or elec-
tronic excitation/transition. The use of ensemble mixtures of electronic configurations
leads to occurrence of the fractional occupations of several Kohn-Sham orbitals,59–61 which
are variationally optimized together with the KS orbitals. Currently, the REKS/SSR meth-
ods are implemented for systems with two30–34 or four35–37 fractionally occupied KS or-
bitals containing in total two or four active electrons, respectively; i.e., the (2,2) and (4,4)
active spaces. These active spaces are sufficient to describe dissociation of single and
double chemical bonds; however, further extension of the methodology to larger active
spaces is possible along the guidelines outlined in Ref. 35.
In the SSR method, the Gross-Oliveira-Kohn (GOK) variational principle55–58 for en-
sembles of the ground and excited electronic states is implemented in connection with
6
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ab √ na2– nb2–√―→
a
b √ 12– 12–√+→
Perfectly spin-Paired Singlet (PPS) configuration
Open-Shell Singlet (OSS) configuration
Scheme 1: Schematic representation of the electronic configurations included in the
SSR(2,2) method.
the charge neutral excitations. In the case of the (2,2) active space, the ground state is
approximated by a perfectly spin-paired singlet (PPS) configuration and an excited state
by an open-shell singlet (OSS) configuration,35 shown schematically in Scheme 1. The
fractional occupation numbers (FONs) of the active orbitals in the PPS configuration, la-
belled a and b in Scheme 1, are variationally optimized together with the KS orbitals for
an ensemble of the PPS and OSS configurations, eq. (1),
ESA−REKS =wPPSEPPS0 + wOSSE
OSS
1 (1)
wPPS + wOSS = 1
where the subscripts 0 and 1 are added to underline that the PPS configuration is re-
garded as the ground state and the OSS configuration as an excited state; the open-shell
self-consistent field (SCF) methodology62 is used for the orbital optimization. The SCF
7
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optimization of the orbitals and their FONs is followed by solving a 2×2 secular problem
EPPS0 ∆SA01
∆SA01 E
OSS
1

a00 a01
a10 a11
 =
ESSR0 0
0 ESSR1

a00 a01
a10 a11
 (2)
to include possible coupling between the PPS and the OSS electronic configurations. In
eq. ((2)), the coupling element ∆SA01 is calculated using the Lagrangian matrix element ε
SA
ab
between the active orbitals a and b, obtained during the SCF optimization of the SA-REKS
functional ((1)), as
∆SA01 = (
√
na −√nb) εSAab (3)
where na and nb are the FONs of the active orbitals.34,35,38 The ESSR0 and E
SSR
1 eigenvalues
of eq. (2) furnish the ground (S0) and excited (S1) state energies in the SSR(2,2) method.
Obtaining the ionization energies in the S0 and S1 states in the SSR method is not a
straightforward task. Indeed, when using ensemble of charge neutral excitations within
the GOK-eDFT formalism, differentiation with respect to the ensemble weights, wPPS and
wOSS, recovers the excitation energy. This is at variance with some alternative formula-
tions of eDFT-based methods,63,64 which operate with charged excitations; where differ-
entiation with respect to the ensemble weights recovers the electron addition/electron
removal energies. The diagonal elements of the one-electron Lagrangian (or the general-
ized Fock) matrix obtained during the open-shell SCF orbital optimization do not yield
the ionization energies. Although the Lagrangian matrix in the open-shell SCF methods
becomes symmetric at the variational minimum, it cannot be made diagonal;62 i.e., the
open-shell SCF eigenfunctions are not the canonical orbitals satisfying Koopmans’ theo-
rem.12
In a recent work,27 it was proposed to use the extended Koopmans’ theorem28,29 (EKT)
8
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for obtaining the molecular ionization energies in connection with the SSR method. With
the use of EKT, the ionization energies and the respective Dyson orbitals are obtained
as the eigenvalues and the eigenfunctions of the Lagrangian matrix expressed in the ba-
sis of the natural orbitals.28,29 For the quantum chemical methods for which the analytic
energy gradient is available, the proper one-particle density matrix and the effective La-
grangian occur in the expression for the energy derivative with respect to the nuclear
coordinates. Hence, the EKT ionization energies can be obtained at the level of correlated
wavefunction theory methods.40,43 In the context of the SSR method, the (negatives of
the) ionization energies εX and the respective Dyson orbitals CX for the state X (= 0,1) are
obtained from solving a generalized eigenvalue problem
W˜X CX = DX CX εX , (4)
where DX is the relaxed density matrix for the state X and W˜X is the Lagrangian matrix,
which occurs in the expression for the analytic energy gradient of the individual state
X.27,37 If an SCF method were used for obtaining the density and the Lagrangian matrices
in eq. (4), it would become fully equivalent to the usual Koopmans’ theorem. In the
case of SSR, the DX and W˜X matrices include orbital response contributions, which are
obtained by solving the coupled-perturbed REKS (CP-REKS) equations.27,37
With the use of the EKT-SSR eq. (4) the electron detachment energies −εX and the
respective Dyson orbitals CX are obtained for the ground and excited electronic states,
including the states with pronounced multi-reference characteristics; e.g., the states occur-
ring during bond dissociation or near conical intersections.27,42 As for the electron attach-
ment energies (the electron affinities) they can also be obtained using the EKT through in-
voking the particle-hole symmetry.40,65 Thus, solutions of the following eigenvalue equa-
9
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tion (
˜F(DX)− W˜X
)
CX =
(
I−DX
)
CX εX , (5)
furnish the electron affinities −εX and the respective Dyson orbitals CX.40 In eq. (5),
˜F(DX) is the matrix of the closed-shell single-determinant Fock operator built for the den-
sity matrix DX and I is the identity matrix. Although eq. (5) is as easy to use in practical
calculations as eq. (4), to the best of our knowledge, it was used for obtaining the atomic
and molecular affinities only once, in a preprint by Welden et al.,43 where it performed
reasonably well in connection with the second-order Green function formalism. In the
present work, we put eq. (5) to the test in connection with the SSR method. Details of the
implementation of eq. (5) in the EKT-SSR method are precisely the same as in the case of
eq. (4) and can be found in Ref. 27. All the computations reported here are carried out
using locally modified version of the GAMESS-US program.66,67 The calculations employ
the 6-311G** basis set68 and the BH&HLYP density functional.69–71 By default, the value
of the wPPS ensemble weighting factor in eq. (1) is set to 0.5;32 however, a different value
can be chosen, as deemed necessary; e.g., the ground state alone is better represented by
setting wPPS = 0.95 or larger.27
Results and Discussion
In this Section, the EKT-SSR method will be applied in the calculation of electron affinities
of a series of closed-shell molecules in their ground and excited electronic states, as well
as a number of singlet-state diradicals. For closed-shell molecules in their singlet ground
states, it can be expected that the EKT-SSR formalism should recover the orbital energies
of the empty KS orbitals obtained in the conventional spin-restricted KS (RKS) calcula-
10
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tions. Hence, the positive match should validate the EKT-SSR formalism presented in the
previous Section.
The singlet excited electronic states studied below are described by an OSS electronic
configuration (see Scheme 1) obtained by a one-electron transition typically referred to
as a HOMO–LUMO transition. Dyson’s orbitals for the electron attachment to an excited
state should then acquire fractional norms.27 Indeed, if the final state of the resulting
anion is represented by a single determinant obtained by filling one of the active orbitals
in the OSS configuration, then the overlap of the anionic state with the OSS configuration,
i.e., the Dyson orbital, will have a fractional norm, |γ|2 ≈ 0.5.
√ na2– nb2–√― √ 12– 12–√+
OSS configuration (S1)PPS configuration (S0)
Anion
D0
D1
Scheme 2: Schematic representation of the electron attachment to the PPS and OSS con-
figurations.
This is illustrated in Scheme 2, where a few possible ways of adding an electron to
an OSS or a PPS configuration are shown. Hence, it is expected that, when the state of a
neutral molecule has an open-shell characteristics, either OSS or PPS, there should occur
at least two electron attachment Dyson’s orbitals with fractional norms. Furthermore,
the fractional norms are related with the FONs of the active orbitals; see Scheme 2. The
same arguments apply to the singlet state diradicals, whose ground electronic state is
11
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represented by a PPS configuration.
Validation of EKT-SSR electron affinities
The results of the EKT-SSR-BH&HLYP/6-311G** calculations of the energies of the elec-
tron attachment Dyson orbitals are shown in Table 1, for a number of molecules in their
ground electronic state. For these molecules, the lowest singlet excited state is represented
by a one-electron HOMO–LUMO transition, which is well described by the SSR(2,2)
method; see the vertical excitation energies (VEEs) in Table 2. The EKT-SSR energies are
compared with the energies of the lowest unoccupied orbitals from the conventional RKS
calculations for the same molecules. The purpose of this comparison is to verify that, for
the closed-shell ground states, the EKT-SSR method yields the same orbital energies as
the conventional RKS DFT formalism. For the electron detachment (ionization) energies,
the validation was done in the previous work, Ref. 27, and here the ability of the method
to recover the conventional electron attachment energies is verified.
Table 1: Comparison of the experimental electron affinities (in eV) with the energies (in
eV) of Dyson’s orbitals calculated by the EKT-SSR-BH&HLYP/6-311G** method and
the energies of unoccupied orbitals calculated by the RBH&HLYP/6-311G** method.
Two lowest energy Dyson’s orbitals from EKT-SSR and two lowest energy unoccupied
molecular orbitals from RKS are shown. For all the molecules, the norms of the EKT-
SSR Dyson orbitals are nearly identical to unity and not shown in the Table.
Molecule Expt. EKT-SSR-BH&HLYP RBH&HLYP−εD1 −εD2 −εLUMO −εLUMO+1
naphthalene 0.14a) 0.04 -0.76 0.03 -0.76
anthracene 0.68a) 0.79 -0.58 0.78 -0.58
tetracene 1.08a) 1.31 -0.46 1.30 -0.46
pentacene 1.35a) 1.68 -0.02 1.67 -0.02
pyrene 0.61a) 0.65 -0.24 0.63 -0.24
phenanthrene 0.31a) 0.08 -0.05 0.07 -0.05
perylene 1.02a) 1.12 -0.39 1.11 -0.39
Continued on next page
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Table 1 – Continued from previous page
Molecule Expt. EKT-SSR-BH&HLYP RBH&HLYP−εD1 −εD2 −εLUMO −εLUMO+1
picene 0.54a) 0.36 0.34 0.35 0.34
chrysene 0.42a) 0.38 -0.01 0.37 -0.01
fluoranthene 0.83a) 0.92 -0.38 0.91 -0.39
azulene 0.80b) 1.00 0.39 0.95 0.42
C2H4 -1.78c) -1.64 -2.62 -1.61 -2.62
C2H3F -1.91c) -1.70 -2.54 -1.72 -2.55
1,1-C2H2F2 -2.39c) -1.92 -2.53 -1.99 -2.64
trans-C2H2F2 -1.84c) -1.68 -2.61 -1.70 -2.62
cis-C2H2F2 -2.18c) -1.79 -2.19 -1.81 -2.20
C2HF3 -2.45c) -1.95 -2.42 -1.99 -2.49
C2F4 -3.00c) -2.21 -3.45 -2.21 -3.45
pyridine -0.62d) -0.52 -0.77 -0.49 -0.79
butadiene -0.62d) -0.49 -2.68 -0.49 -2.68
1,3-cyclohexadiene -0.80d) -0.62 -2.12 -0.63 -2.12
furan -1.76d) -1.65 -2.56 -1.67 -2.56
thiophene -1.17d) -0.83 -2.03 -0.83 -2.03
MADe) 0.22 0.22
a) Taken from compilation in Ref. 72; see Ref. 72 for the original references.
b) Taken from compilation in Ref. 11; see Ref. 11 for the original references.
c) Taken from compilation in Ref. 73; see Ref. 73 for the original references.
d) Taken from compilation in Ref. 74; see Ref. 74 for the original references.
e) Mean absolute deviation (in eV) from the experimental electron affinities.
The EKT-SSR electron attachment energies for the two lowest Dyson’s orbitals are in
an excellent agreement with the energies of the two lowest unoccupied orbitals from the
RKS calculations. On average, the absolute deviation is on the order of 0.01 eV.
Although it was not the purpose of this work to compare with the experimental val-
ues, nevertheless, the experimental electron affinities are reported in Table 1. The exper-
imental EAs were taken from compilations in Refs. 11,72–74, where they were used for
benchmarking of computational methods. Here, a comparison with these data is made
not for the purpose of benchmarking, as the EKT-SSR results depend on the approximate
density functional employed in the calculations, but to demonstrate that the method is
13
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capable of producing reasonable EAs with the use of a standard density functional.
With the use of the standard BH&HLYP functional and the 6-311G** basis set the mean
absolute deviation from the experimental data is 0.22 eV. The EKT-SSR/BH&HLYP/6-
311G** method describes reasonably well not only the positive EAs (bound states of elec-
trons) but also the negative EAs (molecular resonances); this is an advantage of EKT be-
fore the indirect (∆E) methods of obtaining EAs. Presumably, the MAD number could be
improved if a density functional specifically parameterized for describing the ionization
energies was used. However, tweaking the density functionals is beyond the scope of the
present work and the major purpose of this Section is to validate the correctness of the
derivation and implementation of the EKT-SSR method; which, hopefully, was achieved.
In the EKT-SSR calculations reported in Table 1, the value of the ensemble weighting
factor wPPS was set to 0.5, i.e., an equiensemble of the ground and excited electronic states.
Changing its value to 0.95, that is favouring the ground state, results in a minute varia-
tion (∼0.01 eV) of the computed energies of Dyson’s orbitals. Hence, for the closed-shell
molecules, the default choice of the wPPS factor is acceptable.
Vertical electron affinities of the excited states
The EKT-SSR electron attachment energies of the three lowest Dyson’s orbitals are re-
ported in Table 2 along with the lowest singlet excitation energies. The excited states are
obtained by one-electron transitions reported in the same Table. Generally, the computed
vertical excitation energies (VEEs) agree quite well with the theoretical best estimates
(TBEs); see Table 2.
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Table 2: The energies of the lowest Dyson orbitals (in eV) and their squared norms
obtained by the EKT-SSR-BH&HLYP/6-311G** method for singlet excited states of
molecules reported in Table 1. TBEs (in eV) of VEEs are taken from Refs. 75 and 76.
Molecule VEE Dyson’s orbitals
transition TBA calc. −εD1 |γD1 |2 −εD2 |γD2 |2 −εD3 |γD3 |2
naphthalene pi → pi∗ 4.66 5.02 5.08 0.50 0.72 0.50 -0.85 1.00
anthracene pi → pi∗ 3.60 3.81 4.62 0.50 1.39 0.50 -0.66 1.00
tetracene pi → pi∗ 2.88 3.01 4.33 0.50 1.86 0.50 -0.41 1.00
pentacene pi → pi∗ 2.37 2.44 4.13 0.50 2.20 0.50 0.17 1.00
pyrene pi → pi∗ 3.82 4.25 4.91 0.51 1.17 0.50 -0.33 1.00
phenanthrene pi → pi∗ 4.35 4.90 5.00 0.51 0.51 0.50 -0.12 1.00
perylene pi → pi∗ 2.96 3.25 4.39 0.51 1.50 0.50 -0.39 1.00
picene pi → pi∗ 3.91 4.41 4.80 0.51 0.62 0.50 0.27 1.00
chrysene pi → pi∗ 4.00 4.46 4.85 0.51 0.73 0.50 -0.08 1.00
fluoranthene pi → pi∗ 3.44 3.89 4.88 0.50 1.03 0.51 -0.23 1.00
azulene pi → pi∗ 1.77 2.42 3.54 0.50 0.73 0.50 0.19 1.00
C2H4 pi → pi∗ 7.92 8.10 6.67 0.50 0.30 0.50 -2.49 1.00
pyridine n→ pi∗ 4.95 5.32 4.96 0.50 -0.58 0.51 -0.89 1.00
butadiene pi → pi∗ 6.22 6.05 5.62 0.51 0.54 0.50 -2.60 1.00
1,3-cyclohexadiene pi → pi∗ 5.12 4.53 0.51 0.05 0.50 -2.08 1.00
furan pi → pi∗ 6.37 6.67 5.08 0.51 -0.64 0.50 -2.48 1.00
thiophene pi → pi∗ 5.63 6.28 5.51 0.51 0.20 0.50 -2.06 1.00
As no experimental values of the electron affinities of the excited states of molecules
reported in Table 2 are available, no comparison can be made; so, no MAD numbers.
However, the results in Table 2 illustrate two observations. First, there are indeed two
lowest energy Dyson’s orbitals with fractional norms. The lowest energy Dyson orbital
corresponds to formation of the respective anion in the ground electronic state, the other
Dyson orbital corresponds to the excited state of the anion; see Fig. 2. The respective
Dyson orbitals have nearly equal norms; which suggests that the excited state is repre-
sented by a nearly pure OSS configuration. Second, the energy −εD1 of the lowest S1
Dyson orbital increases as compared with the lowest energy S0 Dyson orbital (see Table
15
Page 15 of 35
ACS Paragon Plus Environment
The Journal of Physical Chemistry
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
1) by approximately the amount of the vertical excitation energy; i.e.,
−εD1 (S1) ≈ −εD1 (S0) + VEE ; (6)
see the Supporting Information for the linear regression analysis of Eq. (6). The energy of
the second Dyson orbital with fractional norm also increases, however by a much smaller
amount. The third Dyson orbital of the excited state has approximately the same energy
as the second Dyson orbital of the ground state. This means that, in these excited elec-
tronic states, the lowest Dyson orbital of the ground state is split in two new Dyson’s
orbitals (the ones with the fractional norms) and the other Dyson orbitals remain approx-
imately the same as in the ground state.
Electron affinities of diradicals
The properties of diradicals, i.e., the molecular species with two unpaired electrons,77
are often studied by NIPES.7 As NIPES uses ionization of the parent anion to obtain the
diradical molecule, the electron affinities of many diradicals have been measured exper-
imentally. The diradicals are open-shell species which have strongly correlated multiref-
erence ground electronic states and represent, in this regard, a good testing ground for a
new computational methodology, such as the EKT-SSR method.
In this work, we apply EKT-SSR to calculate the electron affinities of four well-known
singlet ground state diradicals shown in Fig. 1. The ground state equilibrium geometries
of o-benzyne, m-benzyne, p-benzyne, and 1,8-naphthoquinone diradicals were optimized
by the SSR-BH&HLYP/6-311G** method with wPPS = 0.95; the latter value was set to
emphasize the ground electronic state in the ensemble, eq. (1). The optimized geometries
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O O
o-benzyne m-benzyne p-benzyne 1,8-naphthoquinone
ε1 = -0.504 eV 
|γ|2 = 0.908
ε2 =  0.388 eV 
|γ|2 = 0.108
ε1 = -0.616 eV 
|γ|2 = 0.803
ε1 = -1.090 eV 
|γ|2 = 0.677
ε1 = -3.247 eV 
|γ|2 = 0.813
ε2 =  0.760 eV 
|γ|2 = 0.221
ε2 = -0.454 eV 
|γ|2 = 0.343
ε2 = -2.814 eV 
|γ|2 = 0.224
Figure 1: Diradicals studied in this work and their two lowest energy electron attach-
ment Dyson’s orbitals obtained using the EKT-SSR-BH&HLYP/6-311G** method. For the
Dyson orbitals, the energies (in eV) and the squared norms are given. For comparison, the
experimentally measured electron affinities are: o-benzyne 0.564±0.007 eV,78 m-benzyne
0.852±0.011 eV,79 p-benzyne 1.265±0.008 eV,78 1,8-naphthoquinone 2.965±0.005 eV.80
can be found in the Supporting Information.
The o-benzyne molecule displays only mild diradical characteristics, as can be judged
by the FONs of the frontier natural orbitals. The FONs of the frontier natural orbitals
are 1.808 (10a2) and 0.191 (8b2), which indicates that the ground state is nearly closed-
shell. Two lowest energy electron attachment Dyson’s orbitals of o-benzyne are shown
in Fig. 1. The energy of the b2-symmetric Dyson orbital, -0.504 eV, is in a reasonable
agreement with the experimentally measured electron affinity of 0.564±0.007 eV78 This
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Dyson’s orbital corresponds to the weakly populated natural orbital (8b2) and has large
probability of electron attachment as given by the squared norm of the Dyson orbital
(0.908). The next low-lying Dyson orbital occurs at an energy of 0.388 eV, i.e., negative
electron affinity, and it has a low squared norm (0.108); see Fig. 1.
p-Benzyne displays the strongest diradical characteristics and has the FONs of the
frontier natural orbitals 1.334 (6b2g) and 0.666 (6ag). The lowest energy electron attach-
ment Dyson orbitals shown in Fig. 1 have energies of -1.090 eV (ag-symmetric) and -
0.454 eV (b2g-symmetric). The ag-symmetric Dyson orbital has a large norm (0.677) and
its energy compares favourably with the experimentally measured electron affinity of
1.265±0.008 eV.78 The b2g-symmetric Dyson orbital has much lower electron attachment
probability; its square norm is 0.343. The norms of Dyson’s orbitals match approximately
the FONs of the respective frontier natural orbitals. It can be expected that a weaker
populated natural orbital should have a greater electron attachment probability.
m-Benzyne has diradical characteristics intermediate between o- and p-benzynes; FONs
of its frontier natural orbitals are 1.594 (11a1) and 0.406 (7b2). The lowest energy electron
attachment Dyson’s orbitals have energies of -0.616 eV (b2-symmetric) and 0.760 eV (a1-
symmetric). The norm of the b2-symmetric Dyson orbital is 0.803, which suggests that this
Dyson’s orbital has approximately four times greater probability of electron attachment
than the second Dyson orbital with the square norm of 0.221.
The energy of the b2-symmetric Dyson orbital deviates from the experimentally mea-
sured electron affinity (0.852±0.011 eV)79 somewhat greater than for the other benzynes.
Besides the obvious causes, e.g., the effect of the density functional and the basis set em-
ployed, this deviation may also indicate some uncertainty in the experimentally mea-
sured electron affinity. Indeed, a very broad NIPE spectrum was reported by Wenthold
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et al.,78 which made precise assignment of the electron affinity of m-benzyne impossible.
As one of possible causes of a broad NIPE spectrum Wenthold et al. mentioned strong
dependence of the electron affinity of m-benzyne on the geometry; in particular, on the
C1–C3 distance.78
The precise geometry of m-benzyne, whether it is a mono-cyclic (1,3-didehydrobenzene)
or a bi-cyclic (bicyclo[3.1.0]hexatriene) molecule, was a matter of debate for some time.81–83
With the use of the high level ab initio computations,83 the equilibrium geometry of m-
benzyne was determined to be mono-cyclic. However, the ground state potential en-
ergy surface along the C1–C3 distance is sufficiently flat,83 such that a large amplitude
vibration along this distance may indeed be expected upon ionization of the parent anion
during the NIPES measurement. To verify whether the C1–C3 stretching can result in a
rapid variation of m-benzyne’s electron affinity, the EKT-SSR calculations were carried
out along a path connecting the mono-cyclic and bi-cyclic geometries, see Fig. 2.
The bi-cyclic geometry was optimized using the conventional R-BH&HLYP/6-311G**
method and the mono-cyclic geometry was obtained with the SSR-BH&HLYP/6-311G**
(with wPPS = 0.95). The intermediate geometries were obtained using the geodesic in-
terpolation method.84 A few more points beyond the mono-cyclic geometry, see Fig. 2,
were obtained by extrapolation, where increment from the interpolation path was used.
We would like to underline again that the purpose of these calculations was to evaluate
whether the electron affinity of m-benzyne may rapidly vary along the C1–C3 distance
and not to obtain the precise path between the two geometries. For the former purpose,
the interpolation technique seems sufficient.
The blue curve (with filled squares) in Fig. 2 shows the relative energy (in kcal/mol)
with respect to the mono-cyclic equilibrium geometry. The SSR-BH&HLYP/6-311G** ge-
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Figure 2: Relative energy (kcal/mol, blue curve, filled squares) of m-benzyne along the
path connecting closed-shell bicyclic geometry and the mono-cyclic biradicaloid geom-
etry. The path was obtained using the geodesic interpolation84 between the respective
minima; beyond the mono-cyclic geometry the path was extrapolated using the incre-
ments from the interpolated path. The bicyclic minimum was optimized with the R-
BH&HLYP/6-311G** method and the mono-cyclic minimum was optimized using the
SSR-BH&HLYP/6-311G** method. The electron affinity (in kcal/mol) along the path
(green, filled triangles) is calculated using the EKT-SSR-BH&HLYP/6-311G** method.
The red curve with filled diamonds gives the energy of the anion estimated as a sum
of the energy of the neutral molecule and its electron affinity.
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ometry optimization predicts the C1–C3 distance to be 2.179 A˚, which is in a reasonable
agreement with the distance of 2.11 A˚ predicted by the CCSD(T)/6-31G** method.83 The
bi-cyclic minimum occurs at R(C1–C3) = 1.526 A˚ (R-BH&HLYP/6-311G** optimization)
and lies 3.6 kcal/mol above the mono-cyclic geometry. Overall, these energy differences
match quite well with the CCSD(T) results from Ref. 83.
The electron affinity of m-benzyne, calculated as the negative energy of the lowest
Dyson orbital, is shown in Fig. 2 by the green curve (with filled triangles). Near the bi-
cyclic geometry, the electron affinity is negative (i.e., no electron attachment, scattering
only) and it remains negative up until R(C1–C3) ≈ 2.05 A˚. This indicates that the ground
state of m-benzyne is predominantly closed-shell in this region of the C1–C3 distances. At
distances longer than 2.05 A˚, the ground state acquires diradical characteristics and the
electron affinity becomes positive and rapidly growing towards longer C1–C3 distances.
The energy of the m-benzyne anion was evaluated by subtracting the electron affin-
ity from the total energy of m-benzyne and is shown in Fig. 2 by the red curve (with
filled diamonds). The anion has minimum energy at R(C1–C3) = 2.390 A˚ and the electron
detachment should indeed lead to considerable excitation of the vibrational modes of m-
benzyne corresponding to the C1–C3 stretching. As the electron affinity of m-benzyne
has a sufficiently steep slope near its equilibrium C1–C3 distance, this dependence should
lead to a broad signal in the NIPE spectrum; which agrees with the experimental obser-
vation.78
The 1,8-naphthoquinone diradical was recently studied with NIPES,80 which con-
firmed its singlet ground electronic state predicted theoretically earlier.45 As shown in
Fig. 1, the lowest energy Dyson orbitals of 1,8-naphthoquinone have energies -3.247
eV (a2-symmetric) and -2.814 eV (b1-symmetric) and their squared norms are 0.813 and
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0.224, respectively. These electron attachment Dyson’s orbitals correspond to the frontier
natural orbitals 3a2 and 4b1 with the FONs 0.382 and 1.618, respectively. Hence, 1,8-
naphthoquinone has noticeable diradical characteristics. It has sufficiently large electron
affinity, which can be compared with the experimentally measured value of 2.965±0.005
eV.80 It is also noteworthy that the energies of the two Dyson’s orbitals are very close to
one another. This suggests that the NIPE spectrum may cover both ionization channels
and a low intensity peak may be observed at an energy slightly lower than the onset of the
major ionization band. As seen in Fig. 3 of Ref. 80 such a small peak is indeed discernible
in the NIPES spectrum.
Conclusions
Here, an EKT-based computation of the electron attachment energies (electron affini-
ties) and the respective Dyson orbitals was implemented in connection with the SSR
method.30–34 Although EKT28,29 enables computation of both the electron detachment
and the electron attachment energies from the (relaxed) density matrix and the Lagrangian
of the neutral system,40,43 the electron attachment energies from EKT were typically cal-
culated as the ionization energies of the anion.44 In this work, the electron affinities are
obtained directly from the density and the Lagrangian matrices of the neutral system and
the presented formalism completes the implementation of the EKT-SSR method;27 which
can now be used for obtaining both the electron detachment (ionization potential) and
electron attachment (electron affinity) energies of molecules in the ground and excited
electronic states. As the SSR method has the ability to introduce the multireference ef-
fects, e.g., occurring during bond dissociation or in diradical and polyradical species, into
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the density functional calculations, this enables computation of the ionization energies
and electron affinities for a broad class of molecular systems. Obtaining the ionization
energies and electron affinities with the EKT-SSR method does not require additional
computational effort, as the density and the Lagrangian matrices are available during
the computation of the analytical energy gradient. Hence, these energies can be easily
obtained during the molecular dynamics simulations.42
The presented EKT-SSR method was validated against the conventional KS calcula-
tions for a number of closed-shell molecules in their ground electronic states, where the
EKT-SSR method yields the energies of the lowest Dyson orbitals nearly identical (within
0.01 eV) to the energies of the lowest unoccupied KS orbitals. This observation is inde-
pendent on the choice of the basis set; see the Supporting Information for the results with
the 6-31G* basis set. The EKT-SSR formalism obtains electron affinities from the proper-
ties of the neutral molecule, which seems to mitigate the strong dependence on the basis
set size typical for the indirect ∆E methods; where the correct description of the anion
may require very large basis sets.11 For instance, the EAs obtained with 6-31G* basis (see
the Supporting Information) deviate on average from the experimental data in Table 1
by 0.31 eV, which is improved to 0.22 eV by the use of a larger 6-311G** basis (Table 1).
The remaining inaccuracy can potentially be improved by employing density functionals
specifically developed for computing the ionization energies of molecules.85 As the stock
parameterization of a standard density functional (BH&HLYP) was used in this work,
there is a substantial room for improvement.
For the excited electronic states of molecules, the EKT-SSR method yields the energies
of Dyson’s orbitals in agreement with chemical intuition, i.e., the most positive electron
affinity of a closed-shell molecule increases approximately by the amount of the vertical
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excitation energy; see Eq. (6). For a series of diradical molecules, which have strongly
correlated ground electronic states, the EKT-SSR method yields the electron affinities in a
good agreement (within ca. 0.1–0.2 eV) with the values measured by the NIPES experi-
ments.
The presented implementation of the EKT-SSR method employs an active space of two
electrons in two orbitals, i.e., the (2,2) active space. This is sufficient to describe diradicals
or molecules with dissociating single bonds. As the electron affinities (and the ionization
potentials, in Ref. 27) are obtained directly from the response properties of the neutral
molecule, the resulting EAs (and IPs) are independent on the choice of the active space
for the anion (cation). This is illustrated by the results obtained for diradicals, where at
least a (2,2) active space is necessary to describe correctly the ground state of the neu-
tral molecule, however the anion is a typical single-reference system. This represents an
advantage of the direct methods of obtaining the ionization energies before the ∆E ap-
proaches, where a consistent description of the electronic states, e.g., dependent on the
choice of the active space in CASSCF, is required for obtaining accurate results; which
may be difficult to achieve in practice. With regard to the EKT-SSR method, the further
extension of the active space, e.g., to (4,4), is possible as described in Refs. 35–37; the work
in this direction is in progress.
Supporting Information
EKT-SSR electron affinities obtained with 6-31G* basis set; Linear regression analysis of
Eq. (6); Cartesian coordinates of all molecules studied in this work.
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Graphical TOC Entry
O O
o-benzyne m-benzyne p-benzyne 1,8-naphthoquinone
electron attachment
Dyson's orbitals
Electron Affinities
Calc:
Exp:
0.504 eV                              0.616 eV                             1.090 eV                                      3.247 eV
0.564±0.007 eV                   0.852±0.011 eV                  1.265±0.008 eV                           2.965±0.005 eV
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